In this paper we examine and compare the performance of a variety of continuous-time volatility models in their ability to capture the behaviour of the VIX. The `3/2-model' with a di®usion structure which allows the volatility of volatility changes to be highly sensitive to the actual level of volatility is found to outperform all other popular models tested. Analytic solutions for option prices on the VIX under the 3/2-model are developed and then used to calibrate at-the-money market option prices. In this paper we examine and compare the performance of a variety of continuoustime volatility models in their ability to capture the behaviour of the VIX. The '3/2-model' with a diffusion structure which allows the volatility of volatility changes to be highly sensitive to the actual level of volatility is found to outperform all other popular models tested. Analytic solutions for option prices on the VIX under the 3/2-model are developed and then used to calibrate at-the-money market option prices.
Introduction
As stock prices all over the world dramatically rise and fall, investors are continually in search for financial instruments to reduce the variability of their portfolio values. Consequently the volatility in the market receives much interest from market participants and researchers.
Currently the most popular indicator of overall market volatility in the US is the CBOE volatility index, VIX, which provides a measure of the implied volatility of options with a maturity of 30 days on the S&P500 index from eight different SPX option series. It thus presents a measure of the market's expectation of volatility over the next 30 days. The index is also known as the "fear gauge" as in times of market turmoil and large price movements, the VIX index tends to rise, whereas when the market is easing upward in a long-run bull market, the VIX index remains low and steady.
The VIX was introduced by Whaley (1993) and has become of particular interest in recent years with the introduction of VIX futures contracts in 2004 and of options on the VIX in 2006. These offered investors new instruments for speculating and hedging volatility risk directly on the S&P500 index and so valuations on VIX derivatives became necessary. Whaley himself used Black's (1976) formula (see eg Hull (2002) ) to price volatility options under the assumptions of a lognormal volatility process and the existence of a futures contract on volatility with futures price equal to the current index level.
Since 1993 a growing body of literature has emerged on the pricing of volatility and variance products. Based on empirical evidence that volatility, V , was mean-reverting (eg French et al (1987) , Harvey and Whaley (1992) ), Grünbichler and Longstaff (1996) valued volatility futures and options based on a mean-reverting stochastic volatility process with a square root diffusion term ie dV = (a − bV )dt + c √ V dZ, b > 0, with the assumption that the premium for volatility risk was proportional to volatility risk. Here and in the rest of the paper dZ refers to an increment in a Wiener process Z with probability measure P .
One of the most influential papers to date on the valuation of volatility and variance swaps 1 is the work of Demeterfi et al (1999) who laid out a simple procedure to construct a portfolio which would replicate the payoff of a variance swap. This involved replicating a log contract by using a portfolio of options with weights inversely proportional to their strikes. It is the valuation procedure used in the paper by Demeterfi et Many continuous-time stochastic volatility models have been proposed in the literature in order to price volatility contracts. This includes models of the form (1.1) as well as the popular Heston (1993) model where w = V 2 follows a mean-reverting square-root process
(see e.g. Broadie and Jain (2008) and Elliott et al (2007) ).
One of the main aims of this paper is to empirically test many of these models, as well as the 3/2-model
in their ability to capture the dynamics of the VIX. The novel features of model (1.2) are 1) the specification for the diffusion having a high power law of 1.5 which can reduce the heteroskedasticity of volatility and 2) a nonlinear drift so that it exhibits substantial nonlinear mean-reverting behaviour when the volatility is above its long-run mean. Hence after a large volatility spike, the volatility can potentially quickly decrease while after a low volatility period it can be slow to increase. It will also be shown that under (1.2) with b < 0, V will always remain positive. Other aspects of the model have been studied by Lewis (2000) and Heston (1997) who considered (1.2) as a stochastic volatility model for equity.
All of the models to be tested can be nested within the larger model
Achieving an empirically validated model is important as the ability of the stochastic model to capture the dynamics of the VIX ultimately affects the valuations for which it is used. What we find is that the value of γ is an important feature differentiating the volatility models and its unconstrained estimate is 1.5. Model (1.2) will be shown to outperform the current popular models in capturing the behaviour of the VIX
1
. Further, an analytic solution will be found for the value of a call option on the VIX under the 3/2-volatility model.
The structure of the paper is as follows: In Section 2, the models to be empirically tested will be described and in Section 3, the estimation technique, GMM, used to empirically test them is outlined. The data to be used in the empirical analysis is described in Section 4 and the results of the empirical analysis are given in Section 5 . Using the best model found for the VIX, the formula for the call option price on the VIX is found in Section 6 and comparisons of the call prices are made with formulae under two other VIX models. In Section 7, the model is calibrated to at-the-money market data and then used to price in-the-money and out-of-the money options. These prices are then compared to the corresponding market prices. Section 8 provides a brief conclusion.
The Models to be Tested
Eight volatility models were empirically tested. Each of these models were nested within (1.3),
where V denotes volatility, by placing certain parameter restrictions upon the larger model (1.3) as displayed in Table 2 .1.
[ et al (2004) and assumes that the variability of the proportional changes in V is constant.
Model 3 is the Mean-Reverting Square Root (MRSRP) volatility model used by Detemple and Osakwe (2000) and Grünbichler and Longstaff (1996) . Model 4 corresponds to the Geometric Brownian Motion (GBMP) volatility model used by Detemple and Osakwe (2000) , Hull and White (1987) and Johnson and Shanno (1987) . Model 5 corresponds to the Mean-Reverting Gaussian (MRGP) volatility model used by Detemple and Osakwe (2000) , Stein and Stein (1991) and Scott (1992) .
By an application of Itô's Lemma it can be shown that Model 6 corresponds to the MeanReverting Logarithmic (MRLP) volatility model
used by Detemple and Osakwe (2000) , Wiggins (1987) and Melino and Turnbull (1990) . With this model, Detemple and Osakwe show that if volatility tends to infinity, the drift remains a function of V in contrast to the MRSRP and MRGP which would simply become proportional to a constant.
All of these models have a number of desirable features. With c 4 < 0 they are examples of mean-reverting models for either volatility or corresponding variance. This is important as from even an intuitive perspective we would expect a volatility index such as the VIX to stay within a certain range of finite values. The volatility of the market can never be expected to get really low as there is always news emerging which changes the market prices and hence sets a lower bound on the volatility. Furthermore abnormally high levels of volatility are also hard to sustain since this requires constant surprising news, which is highly unlikely to occur, and in the very unlikely event that it does occur, the public would accept this as the new norm.
Models 1-6 are also analytically tractable and easy to implement which is a major strength.
Model 7 in Table 2 .1, studied by Lewis (2000) and Heston (1997) , is proposed here in an effort to provide a model that may better fit the VIX data and still deliver analytic solutions to volatility options. It has a higher power-law in the diffusion term of 1.5 which can reduce the heteroskedasticity of volatility 2 . As well, the drift is a quadratic rather than linear function of volatility. As in this case the mean-reversion speed is a linear function of the volatility, the speed of reversion increases with volatility. This generates a balancing effect of a stronger mean reversion with higher volatility. Goard (2010) considered a time-dependent version of Model 7 to model realised variance, in order to price volatility and variance swaps.
The last model in Table 2 .1, Model 8, has been included for comparisons with Model 7. It has the same diffusion term as Model 7 but has a linear drift term.
The Estimation Technique
We estimate the parameters in the continuous-time model (1.3) using the corresponding discrete-time econometric specification:
The estimation technique used to estimate the parameters in the models and compare the models is the Generalised Method of Moments (GMM) of Hansen (1982) . It will be used to test (3.1a-c) as a set of overidentifying restrictions on a set of moment equations. GMM has been used by many authors to compare continuous time models for various underlying such as interest rates (eg Chan et al (1992) and Raj et al (1997) ) and temperature indices for weather derivatives (eg Hamisultane (2007)). Advantages of the method, as stated by Chan et al (1992) are that it makes no assumptions about the distributional nature of the changes in volatility, only that it be stationary and ergodic. As well GMM estimators and their standard errors are consistent even if the disturbances are conditionally heteroskedastic.
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We let θ be the parameter vector with elements c 1 , c 2 , c 3 , c 4 , c 5 , k and γ and define the vector
Under the null hypothesis that Equations (4a-c) are true, the orthogonality conditions, weighting matrix with the sample estimate adjusted for serial correlation and heteroskedasticity using the method of Newey and West (1987) with Bartlett weights. Hansen (1982) showed
delivers an estimate for the vector θ with the smallest asymptotic covariance matrix for the GMM estimates of θ. For the unrestricted model, the number of unknowns is exactly equal to the number of orthogonality conditions so that the model is exactly indentified and so q(θ) = 0. The parameters for the nested models (Models 1 -8) are estimated using the same weighting matrix as was found to estimate the parameters for (2.1). A hypothesis test is then used to see whether the models impose unreasonable overidentifying restrictions upon the unrestricted model, i.e. for each nested model, we conduct the hypothesis test of H 0 versus H 1 where H 0 : The nested model does not impose overidentifying restriction and is hence not misspecified. If the p-value is less than the required level of significance then it can be concluded that the 7 nested model is misspecified. The GMM analysis also allows for a direct comparison between different models by assessing their standard errors (also known as the root mean square error of their residuals).
The Data
The data used in the analysis was the VIX index values between the years of 1990 and 2009 (collected using Bloomberg). It should be noted that whereas the VIX was introduced by CBOE in 1993 to measure the market's expectation of 30-day volatility implied by at-themoney S&P 100 Index Option prices (OEX), since 2003 the CBOE has used an updated methodology to calculate the index, where it is now based on the S&P 500 (SPX) Index and estimates expected volatility by averaging weighted prices of SPX puts and calls over a wide range of strike prices (see CBOE White Paper (2009) .1 it can be seen that the VIX seems to exhibit a wavelike motion around a mean of approximately 20% and has a period which lasts for many years. We also observe that the VIX value spiked up considerably in the recent past. This can be attributed to the troubles encountered during the global financial crisis and serve to justify its classification as the "fear gauge".
The standard statistics for the VIX data are provided in Table 4 .1.
[ Table 4 .1 here]
It can be seen from the statistics in Table 4 .1 that the VIX tends to stay within a relatively narrow range of values suggesting a mean-reverting nature.
Note that VIX values are quoted as percentages. In the following empirical analysis 3 and in the rest of the paper, we refer to the VIX as V = V IX quoted /100.
Empirical Performance of Nested Models
In this section we compare the performance of the models in Table 2 .1 by nesting them within the larger unrestricted model (2.1) as indicated in Section 2. The performances of the nested models are benchmarked against the larger unrestricted model.
The GMM results are presented in Table 5 .1.
[ Hence, Models 7 and 8 are the only models from the models tested that are found to be acceptable models for describing the behaviour of the VIX, and of these, Model 7 performed the best.
As a further test we compare each model's performance by their mean square error, which is a measure of the residuals squared. This then indicates how close the model is fitted to the data points. For this the best possible parameter estimates for the models (not nested) are needed to give comparable root mean square error (RMSE) estimates. These figures can then be used to compare the models in terms of their explanatory power.
The RMSE for each model are summarised in Table 5.2 where Equation 1 and Equation 2 correspond to Equations (3.1b) and (3.1c) respectively and E = RM SE
[ Table 5 .2 here] From Table 5 .2, it can be seen that Model 7 has the lowest error E. This result agrees with the results found by nesting the models within a larger model and further supports Model 7 as the best of the models tested for describing the behaviour of the VIX.
We list the best parameter estimates from a GMM analysis for Models 3, 5 and 7 in Table   5 .3. In this section, an analytic solution will be found for the value of a European call option on the VIX when the VIX, V , is assumed to follow Model 7 ie
This is done by recognising that w = 1/V follows a mean-reverting square-root process for which the probability density function is known. We note that although an explicit solution will be derived for call options, the values for put options and other volatility derivatives such as volatility swaps can be found in a similar way.
As V is not the price of a traded asset, we allow for the possibility of a non-zero market price of risk λ(V, t) associated with the VIX. Given the real process for the VIX as (6.1), then the risk-neutral process follows
whereZ is a Wiener process under an equivalent risk-neutral measure Q, under which V becomes a martingale. Thus the risk-neutral probability measure Q changes the drift of the original SDE (6.1) by subtracting from it λ(V, t)kV Stein (1991) and Grünbichler and Longstaff (1996) , we assume that the market price of risk is such that the risk-neutral process for V is of the same form as the real process (6.1). Hence we assume λ(V, t) = aV It is necessary to realise that as V itself is not the value of a self-financing portfolio, the basic nature of our results is not affected by whether V can be expressed as a nonlinear function of other security prices. We then have the following valuation:
Theorem 6.1: The value of a call option on the VIX with strike X and expiry T , when the VIX, V , follows the risk-neutral process (6.3) with β < 0, is given by
C(V, t) = 2αe −r(T −t)
k 2 p exp −2αe −α(T −t) k 2 V p V − β k 2 + 1 2 exp α(T − t) − β k 2 + 1 2 × 1 X 0 φ 1 2 − β k 2 1 φ − X e − 2αφ k 2 p I ν 4α √ φe −α(T −t) 2 k 2 √ V p dφ (6.4) where ν = 1 − 2β k 2 , p = 1 − exp(−
α(T − t)) and I ν (.) is the modified Bessel function of order ν.
Proof: Given that the VIX, V , follows the risk-neutral process (6.3), then by Itô's Lemma,
Hence w follows a mean-reverting square-root process such as that used by Cox et al (1985) to model short interest rates. Further, as explained by Feller (1951) 
, (and so for all negative β), w and hence V will remain positive.
With β < 0, the probability density function of w at a future time T , conditional on its value at the current time t is given by Cox et al (1985) ). Using risk-neutral valuation, the value of the call option on the VIX can be found as
C(V, t) = e −r(T −t)
where E Q denotes the expectation under the risk-neutral measure Q, X is the strike price and B is a notional amount of the option measured in currency units per volatility point. For brevity we scale the option value so that the notional amount B can be taken to be one. Using (6.6) then gives
where
. This can be simplified to give the form (6.4). ## Note 1: Other contracts on the VIX can be priced similarly e.g the price of a put option with strike price X and expiry T can be found using P (V, t) = e
−r(T −t)
and the price of VIX futures with maturity T using
Note 2: The value of the call option could also be found by solving the pricing partial differential equation (PDE)
, by either letting w = 1 V and using the fundamental solution given by Feller (1951) or by reducing (6.7) to its canonical form.
Plots of the call option value as given by Equation (6.4) under the model for V given in (6.3), using parameter values as given in Table 5 .3 (assuming zero market price of risk) so that α = 2.93536, β = −12.915828, k = 2.04727 with T = 1, r = 0.05, X = 0.15 at times t = 0, 0.5, 0.9 are given in Figure 6 .1. Similarly, using the same values for X, T and r, plots for call option values under the risk-neutral Mode1s 3 (MRSRP) (given by Grünbichler and Longstaff (1996) ) and 5 (MRGP) (given by Detemple and Osakwe (2000) ) using parameter values in Table 5 
Calibration to Market Prices
For the VIX model (6.3), we let k be the given value found in Table 5 Table 7 .1 for expiries 90-125 days and 60-89 days, and Table 7 .2 for expiries 40-59 days and 20-39 days.
Compared to market values, model values for options within the moneyness interval (0.3,0.5) and with short expiry times of 20-39 days had large percentage errors (and small absolute errors) largely due to the small denominator in the relative error. These unstable values of relative error are not tabulated.
[ Tables 7.1 and 7 .2, it can be seen that for expiries of 40-125 days, the market consistently prices all in-the-money options slightly above those of the model prices. This was also mostly true for expiries 20-39 days, although very occasionally the market slightly underpriced near in-the-money options compared to the model. For options just out-of-the-money, the market prices are slightly lower than model prices until, for longer times to expiry of 90-125 days, the option is deep-out-the money in the range (0.3,0.6). This range of underpricing shortens as time to expiry decreases, so that for times to expiry of 40 to 59 days, it is observed in this set of data, to last to moneyness levels up to 0.2 while for times to expiry of 20-39 days, up to moneyness levels of 0.1. This can be explained by realising that what would constitute as deep-out-of-the money would start at lower levels of moneyness for shorter times to expiry.
After this period the market prices are again slightly above those of the model prices. It should be realised that while the relative percentage errors seem quite large for the (0.3,0.5) moneyness range for 40-59 day expiry times and for the (0.2,0.3) moneyness range for 20-39 day expiries, the absolute errors are in fact extremely small as the $-value of the options are quite small.
These results mean that traders would then consider that the distribution implied by the model, understates the probability of extreme movements in the VIX. From Figure 4 .1 it is obvious that the VIX can exhibit spikes making large movements in the VIX possible. This leads to higher out-of-the money call (and in-the-money put) option prices. Traders would also consider that the distribution implied by the model overstates the probability of small positive movements, implying a greater chance of positive return when it is just out-of-the-money.
Thus from this example, given that the model prices at-the-money options correctly, then the market can be seen to place heavier premiums on in-and deep-out-of the money call options, and lower premiums on near out-of-the-money call options than that implied by the model.
Conclusion
Since derivatives on the VIX hit the market in 2004 the number of proposals for a solution to the VIX option price has steadily grown. Using the Generalised Method of Moments (GMM) we have investigated and compared popular volatility models (Models 1-6 in Table 2 .1) with less well-known models (Models 7 and 8), in terms of their ability to explain the dynamics of the VIX. The analysis revealed that Models 7 and 8 outperformed Models 1-6, with all Models 1-6 found to impose overidentifying restrictions. The key to the good fit for Models 7 and 8 is their actual diffusion term which relates to the underlying with a power of As well, an analytic solution to call option prices under the best model (Model 7) has been provided. To the authors' knowledge, no other exactly solvable VIX option pricing model comes from using a stochastic volatility model that is statistically acceptable when compared with the data. The solution (6.4) was achieved by recognising the connection of Model 7 to the mean-reverting square root model, but could equivalently be found by reducing the pricing PDE to canonical form. The solution is easily and efficiently evaluated in terms of special functions that are routinely programmed on all mathematical software packages. The solution method could similarly be used to price put options and other derivatives such as VIX futures.
Also, by fitting our pricing model to at-the-money market prices and then using the computed parameters to price out-and in-the money options, it was found that compared to market prices, the market imposes slightly heavier premiums for in-the-money, deep-in-themoney and deep-out-the money options and slightly lower premiums for just out-of-the money options. Overall however, the errors between market and model prices are reasonably small, suggesting that the exact model might be a useful guide to traders.
Finally, we mention that in this paper, we value options on the VIX by directly modelling observed values of the VIX, and as the VIX itself is actually the square root of a forwardstart variance swap, it would be interesting to analyse the implications on stochastic variance models implied by our model. This will be the subject of future work. Notes 1 However, it should be noted that a model that might not be an appropriate model for the VIX might still be a good model for realised volatility.
2
See Campbell et al (1996) for a discussion on this for the short interest rate model of the same form.
3
Note that for modelling y = V IX as its quoted percentage value i.e. y = 100 * V with Note that these are not the same as those listed in Table 5 .1 since the models are not being nested and so involve the optimal covariance matrices of the orthogonality conditions for the models (and not the unrestricted model).
5
It is unclear whether with this choice of λ(V, t), the Novikov criteria is satisfied, but as shown by Cheridito (2007) , arbitrage-free models can be constructed by ensuring boundary non-attainment conditions are satisfied under both real and risk-free probability measures. As 
for empirically-tested Models 1-8. 2 / 1 / 9 0 2 / 1 / 9 1 2 / 1 / 9 2 2 / 1 / 9 3 2 / 1 / 9 4 2 / 1 / 9 5 2 / 1 / 9 6 2 / 1 / 9 7 2 / 1 / 9 8 2 / 1 / 9 9 2 / 1 / 0 0 2 / 1 / 0 1 2 / 1 / 0 2 2 / 1 / 0 3 2 / 1 / 0 4 2 / 1 / 0 5 2 / 1 / 0 6 2 / 1 / 0 7 2 / 1 / 0 8 2 / 1 / 0 9 VIX Ln( VIX) 
